Gravity-driven continuous thin liquid film flow over a flexible membrane containing surface topography is modelled using lubrication theory. The associated coupled non-linear equation set, for the film thickness, pressure and membrane deflection, is solved using a stateof-the-art full approximation storage multi-grid algorithm with automatic mesh refinement and adaptive time-stepping, in order to maximize computational efficiency when fine-scale resolution is required while ensuring accurate mesh-independent solutions at the micro-scale. The robustness of the approach is demonstrated through the solution of a series of problems and comparisons drawn with the same flow on an equivalent completely rigid membrane. It is shown that the former differs considerably from the latter in that the film thickness affects the shape of the flexible membrane, the compliance of which in turn impinges on the profile of the resulting free-surface disturbance.
INTRODUCTION
The past few years have seen several examples of mankind turning to nature for bio-inspired solutions to challenging practical problems across a broad swathe of engineering and science [1] ; natural and manufactured surfaces containing complex microscale patterning/texture having emerged as a prominent area of research [2, 3] . In an engineering context, thin film flow over surface patterning is present in a variety of processes involving printing/photolithography [4] and the application of precision protective coatings [5] . These are also relevant to a variety of lubricant friction problems, where surface patterning is being used increasingly to improve the performance of tribological components [6, 7] . However, in biological systems they occur in such diverse areas as plant disease control [8] , redistribution of lung linings in respiratory systems [9] , and in sustaining life itself as in the case of the Namibian * Corresponding author: School of Mechanical Engineering, University of Leeds, Woodhouse Lane, Leeds, Yorkshire, LS2 9JT, UK. email: p.h.gaskell@leeds.ac.uk fog-basking beetle that drinks by harvesting morning mists that condense on the upper surface of its exoskeleton [10] .
To date, such three-dimensional micro-scale fluid flow problems have proved extremely problematic to explore experimentally [11] ; hence, the current dearth of important data for providing the insight necessary to improve existing man-made functional surfaces and to point the way forward in the development of new ones that mimic nature itself. Similarly, the modelling of them is at an early stage of development, with lubrication theory currently providing the vital underpinning; only a particular class of problems has been computed accurately for the case of idealized rigid surfaces containing well-defined and sparsely distributed topographical features [12] [13] [14] [15] .
Despite the above achievements, the equally relevant and arguably more important case of flow on patterned/textured flexible membranes has received very little attention. This is not surprising since thin film flow on flexible membranes presents a further complication to those associated with rigid substrates, since it gives rise to a coupled solid-fluid interaction, which any model of such a system must embody. Examples include replication of the surfaces of natural leaves for enhanced micro-scale tribological properties [16] , the self-assembly of biomimetic antireflection coatings [17] , and the fabrication of silicon optoelectric devices on curved surfaces -i.e. electronic eyeballs [18] . Another motivating factor for the present work is the means by which fresh water snails travel inverted beneath the free-surface of a pond, in that propulsion is generated by the snail undulating its lower surface, which is separated from the free-surface by a thin liquid film [19] .
The thrust of this article, therefore, concerns the formulation of a model for predicting thin film flow over flexible membranes containing well-defined topographical features and the efficient, accurate solution of the same using state-of-the-art numerical methods. The problem is defined in section 2, followed by an outline of the method of solution in section 3. Results are presented in section 4, where comparisons are drawn with solutions for the case of a rigid membrane, clearly demonstrating the influence of the fluid film thickness on the shape of the flexible membrane and the compliance of the latter on the profile of the corresponding free-surface disturbance. Conclusions are drawn in section 5.
PROBLEM SPECIFICATION
The problem of interest is formulated in terms of the long-wavelength lubrication approximation, resulting in a set of three coupled equations for film thickness, pressure, and membrane deflection. For the sake of simplicity, the liquid is assumed Newtonian and incompressible, with constant density, ρ f , viscosity, µ, and surface tension, σ , whereas the flexible membrane is taken to be homogeneous, infinitely long and thin (thickness, ) with uniform tension, ζ , in the longitudinal and transverse directions, and to have constant density, ρ m , and damping coefficient, η. Figure 1 is a schematic of the motion of such a thin liquid film, of thickness H (X , Y , T ), over a flexible membrane, given by
inclined at an angle θ to the horizontal and containing, for illustration purposes, a single trench topography, D 0 H 0 , where H 0 is the undisturbed fully developed asymptotic film thickness for a constant volumetric flow, Q 0 = H 3 0 ρ f g sin θ /(3µ) per unit width; D(X , Y , T ) characterizes the height/depth of the topography present, whereas E(X , Y , T ) represents the deflection of the membrane.
Neglecting inertia effects, the flow is governed by the Stokes and continuity equations, namely where U = (U , V , W ) and P are the fluid velocity and pressure, respectively, T is the time and g = g (sin θ, 0, − cos θ) is the acceleration due to gravity, together with
for the deflection of the membrane, where (X , Y , T ) = H + S is the sum of the liquid film and membrane heights. The latter equation stems from a direct application of Newton's second law and relates the deflection of the membrane to the corresponding hydrostatic and capillary pressure terms. The required accompanying boundary conditions of no-slip at the surface of the membrane and zero tangential stresses at the surface are
By introducing the following non-dimensional variables
with ε = H 0 /L 0 1, and imposing the specified boundary conditions, equations (1) to (3) reduce to the following coupled set
when terms of O(ε 2 ) and higher are neglected. N = Ca 1/3 cot θ , where Ca = µU 0 /σ is the capillary number defined in terms of the free-surface velocity U 0 = 3Q 0 /(2H 0 ), indicates the relative importance of the normal component of gravity [20] ; Bo = ρ f gL 2 0 /σ is the bond number, a measure of the ratio of gravitational to surface tension forces; ϒ = ζ /σ is the ratio of membrane tension to surface tension.
In deriving the above, the ambient pressure datum is assumed to be zero and implicit in the choice of scaling is the assumption θ = 0, i.e. the membrane is never horizontal. L 0 is the characteristic in-plane length scale, which is proportional to the capillary length, L c , given by
Fully developed flow conditions are assumed far upstream, such that
In addition, zero flux is imposed at the stream-and span-wise boundaries such that gradients in h and p and dirichlet conditions for e there are zero. Topography depth/height, d, is defined via arctangent functions that enable the side steepness to be controlled easily, thus allowing the creation of simple primitive shapes [14] . For example, the rectangular trench topography, shown in Fig. 1 , of length l t , width w t , and height d 0 centred at (x t , y t ), is specified by defining
where γ is the adjustable parameter used to control topography steepness, while A = w t /l t is the aspect
The local topography co-ordinates in the x and y directions are given by
Equation (10) can, as in the present work, be used to specify most simple primitive topographies by modifying a x and a y appropriately. It is then relatively straightforward to add/subtract primitives to create complex interconnected topographical patterns.
METHOD OF SOLUTION
The numerical method employed to solve equations (5) to (7) subject to the attendant boundary conditions is described in detail in reference [14] ; accordingly, only a brief overview of the important features is provided here.
Spatial and temporal discretization
Equations (5) to (7) , written in terms of the following finite-difference expressions, were solved at each node (i, j) of the rectangular domain, (x, y) ∈ , with the same uniform grid spacing, , in the x and y directions 
The terms h 3 3 | i±(1/2),j , h 3 3 | i,j±(1/2) are prefactors obtained from linear interpolation between neighbouring nodes.
Time integration was carried out using the standard, second-order accurate Crank-Nicholson method. Rewriting the right-hand side of equation (13) as
for which t n+1 = t n+1 − t n ; the right-hand side is given in terms of known values at the end of the nth time step, t = t n .
Multi-grid strategy
The coupled non-linear equation set (14) to (18) was solved accurately and efficiently using a full approximation storage algorithm. Following the multi-grid approach employed in reference [14] , a sequence of progressively finer grids (G k : k = 0, 1, . . . , K ) with uniform mesh spacing k was employed, such that each grid level, G k , had n k = 2 k+c+1 + 1 nodes per unit length in each co-ordinate direction; c is a constant defining the resolution of the coarsest grid level, such that mesh size k = 2 −(k+c+1) . The computations comprised of a full multi-grid W(2,2) cycle, using a coarse grid parameter c = 4 and an underlying coarse global grid with k = 0, corresponding to uniform grid spacing 0 = 1/32; while relaxation involved a fixed number of pre and post Red-Black Gauss-Seidel Newton iterations [21] . By expressing equations (14) to (18) in the form
with
, on grid level k (n denoting the current time step and f k corresponding to the right-hand side of the above equations) the solution to the linearized Newton iterative step can be written in Jacobian form
and solved simultaneously for the increment u k at point (i, j). This is then used to obtain the new approximation for the discretized solution on G k
Spatial and temporal adaptivity
A key component of the solution strategy is the use of error-controlled adaptivity in both space and time; the former automatically determines where fine grids are required to capture the necessary detail in regions involving steep gradients in the solution variables, and the latter enables the use of optimum time-stepping increments. Automatic adaptive grid refinement and derefinement are achieved with reference to the relative local truncation error at a particular point (i, j),
, where is a user-specified tolerance. Large (or small) τ k−1 k values on mesh level k indicate regions of significant (or insignificant) error between successive grid levels where corresponding further local mesh refinement (or de-refinement) is deployed to provide the necessary resolution.
Automatic adaptive time-stepping was imlemented by employing a temporal error control algorithm using predictor-corrector stages, as reported in reference [22] . The approach proved to be an efficient alternative to existing schemes [23] , since it uses second-order accurate time-stepping based on local error estimates obtained from the difference between the current solution and a predicted one, to increase or decrease the time step in a controlled manner while concurrently minimizing the computational expense associated with repeated time-step failure.
RESULTS AND DISCUSSION
The response of a flexible membrane containing a localized trench topography and the corresponding free-surface disturbance associated with the flow of a gravity-driven thin liquid film is explored and comparisons made with known results for the case of such flow over rigid substrates [11, 12] . Computations were begun from an initial state of a flat flexible membrane supporting a uniformly thin film and allowed to evolve to a steady-state.
The liquid parameters used in all cases are those of water (viscosity, µ = 0.001 Pa s, density, ρ f = 1000 kg m −3 and surface tension, σ = 0.07 N m) for a membrane inclined at 30 • to the horizontal with l s = w s = 100. For an asymptotic film thickness H 0 = 100 µm and constant inlet flowrate, Q 0 = 1.635 × 10 −6 m 2 s −1 , the above parameters yield a value for the capillary length scale of L c = L 0 = 0.78 mm. N = 0.12, while Bo = 0.085, shows that the flow and hence freesurface is surface tension dominated. The flexible membrane is assumed to have the following properties: thickness λ = 10 µm (10 per cent of the asymptotic film height); density, ρ m = 1000 kg m −3 under the assumption that the membrane is tissue like [24] . The topography is defined so as to have a steepness factor, γ = 0.05, depth, d o = −0.25, width and length l t = w t = 1.54, and to be centred on (x t , y t ) = (30.77, 50), consistent with the experimental results reported in reference [11] and corresponding numerical simulations of reference [12] . Figure 2 is a comparison of the final steady-state mesh structure and resultant free-surface disturbance for both a completely rigid (ϒ = ∞) and a flexible membrane (ϒ = 1). Note how, in both cases, a fine mesh is clustered around the topography and follows the free-surface disturbance; throughout the computation to steady-state, dynamic mesh refinement and de-refinement have taken place ensuring accuracy while minimizing computational cost and resource. Figure 2(b) shows the characteristic freesurface disturbance that results when ϒ = ∞: a horseshoe-shaped bow wave is generated upstream of the topography, together with a free-surface depression as the film passes over the topography followed by a peak, or as it is sometimes referred to downstream surge. As the trench is finite in length and width, fluid enters it in both stream-wise and span-wise directions due to the lateral pressure gradients resulting from the span-wise curvature of the free surface. Since in a steady flow, the fluid entering the trench must leave it, the downstream surge simply arises to allow fluid to exit the trench across the shorter width than that across which it entered. Comparing this with the case when the surface is a flexible membrane (ϒ = 1), shown in Fig. 2(d) , the overall features are broadly the same but less prominent. In the case of a flexible membrane, the resultant depression over the trench is shallower with a subsequent reduction in the strength of the downstream surge, the consequence being that the downstream disturbance generated is smaller and there is a quicker return to uniform flow conditions downstream, as indicated in the accompanying final adaptive mesh structures (see Figs 2(a) and (c)). The difference in the free-surface disturbance arising in each case is shown more clearly as iso-contour plots of ψ in Fig. 3 . Figure 4 (a) is a plot of the resultant central (y = 50) stream-wise free-surface profile for flow over the trench topography when ϒ = 1, 3, 10, 100, and ∞, showing the influence the tension in the membrane has on the shape as given by
It reveals significant differences in the vicinity of the topography; a narrower bow-wave is produced the lower the values of ϒ, accompanied by a reduction in the depression over the trench and a lowering of the downstream capillary ridge, in line with the observations made above. This is further confirmed by the membrane shape profiles plotted in Fig. 4(b) , a smaller Fig. 4(c) , which plots the relative deflection, given by
The corresponding dominant capillary pressure profiles are shown in Fig. 4(d) . The large depression in the free surface across the trench equates to a substantial drop in pressure there resulting in a large positive deflection of the membrane, while the capillary ridge gives rise to an increase in capillary pressure producing a negative membrane deflection. This is summarized in the resultant steady-state membrane profile shown in Fig. 5 . A similar analysis was performed for the flow over an equal but opposite topographical peak, resulting in analogous observations relating to the effect on free-surface height, membrane shape, and membrane deflection. Figure 6 shows maps of the resultant steady-state free-surface disturbance when ϒ = ∞ and ϒ = 1, together with magnified iso-contour plots of the same in the vicinity of the peak topography.
Having explored the model from the standpoint of single topographical features and shown that the results obtained when ϒ = ∞ correspond to benchmark solutions obtained for their rigid substrate counterpart, the case of thin film flow over a flexible membrane containing a complex interconnected topography, reminiscent of a micro-circuit, is investigated. The interconnected topography created, with γ = 0.01, from the addition and subtraction of primitives covers an area given by l t (= 0.5) × w t (= 0.8); d 0 = 0.05 defined on a l s = w s = 2 square solution domain with L c = 0.78 mm and β = 39.1. disturbance, which has a positive effect in relation to free-surface planarization. The peak disturbance is reduced by as much as 53.5 per cent compared to the case when the membrane is rigid. This is a result of significant practical interest since minimizing freesurface disturbances is of considerable importance to manufacturers with regard to final coat quality. Note the deformation that occurs to the membrane itself when ϒ = 1, indicated by the iso-contours in Fig. 7(d) .
CONCLUSIONS
A model is presented for the flow of gravity-driven thin liquid films over flexible membranes containing surface topography. The accompanying numerical solution strategy, with the capacity to predict both the resulting free-surface disturbance and membrane deflection, represents a useful computational tool for the design of patterned surfaces that fulfil technological requirements while achieving optimum planarization. The latter makes the combined effectiveness of the model and solver extremely attractive as the need to consider surface flows involving ever smaller topographical features becomes increasingly important.
While previous research considering the simpler two-dimensional problem of thin film flow over spanwise topography has shown that Marangoni stress [25] and electric fields [26] can be used to promote planarization, the more general three-dimesional case considered here reveals that substrate flexibility can be similarly exploited. Indeed, in the context of mimicking naturally occurring biological surfaces for engineering applications, substrate compliance may turn out to be an added unexpected benefit in determining and hence controlling the flow of thin films on delicate tribological textured surfaces.
